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Abstract

We propose a new heuristic for the single-searcher path-constrained discrete-time Markovian-target search. The algorithm minimizes
an approximate, instead of exact, nondetection probability computed from the conditional probability that reflects the search history
over the time windows of a fixed length, l. Having a pseudo-polynomial complexity, it can solve, in reasonable time, the instances an
order of magnitude larger than those solved in the previous studies. By an asymptotic analysis relying on the fast-mixing Markov chain,
we show that the relative error of the approximation exponentially diminishes as l increases and the experimental results confirm the
analysis. The experiment also reveals a correlation very close to 1 between the approximate and exact nondetection probability of a
search path. This means that the heuristic produces near-optimal search paths.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The path-constrained discrete-time Markovian-target is a standard search model which has evolved from a series of
works [10,2,13,5,6,4]. Unfortunately, this search model is intractable as it is NP-hard even for a stationary target [15].
Although the literature offers sound understanding on the model’s optimality structure, there has been no efficient method
available for the instances of practical size. As an exact method entails prohibitive computational efforts, a natural
approach is an approximation algorithm which properly trades off the solution quality and the computation time.

The algorithm proposed in this paper uses an approximate, instead of the exact, nondetection probability of a search
path, referred to as the depth-l approximation, that is computed from the conditional probability reflecting the search his-
tory over the time windows of a predetermined length, l. The problem then can be formulated as a shortest path problem
on an acyclic layered network whose number of layers is of the order of search duration T. The acyclic network has
OðmlCT Þ arcs where C is the number of cells and m is the maximum number of neighbors of a cell. To compute each arc
cost requires Oððmþ 1Þl�2Þ time. This implies that the problem is solvable in pseudo-polynomial time, Oððmþ 1Þ2l�2CT Þ,
for each predetermined l. For instance, even for the large problems with C ¼ 900 and T ¼ 50, the CPU time of the heuristic
using depth-5 approximation is less than 10 minutes. The quality of solutions critically depends on the accuracy of the
0377-2217/$ - see front matter � 2007 Elsevier B.V. All rights reserved.
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depth-l approximation. In particular, as will be shown, if the relative error of the approximation is � > 0, then the relative
error of the heuristic solutions to the exact minima is bounded by 2�

1��. From the asymptotic analysis combining a
closed-form nondetection probability of some special search paths and the fast-mixing Markov-chain results [11], we first
show that the relative error � of the approximation diminishes exponentially as l gets larger. And an intensive computa-
tional experiment confirms this exponential behavior of errors.

The rest of the section is devoted to a brief review of some related works on moving-target search. Section 2 describes the
adopted model. In Section 3, we develop the heuristic based on the depth-l approximation of nondetection probability.
Section 4 analyzes the asymptotic behavior of the relative error of the depth-l approximation. Section 5 provides the exper-
imental results from a wide range of instances. Finally, Section 6 points out some extensions of the work of this paper as
future research.
1.1. Related works

Target search theories date back as early as World War II. Since then, an intensive literature has accumulated offering
various search models and related theories. Readers are referred to [9] for the early works, and to [1,7] for a more recent
survey. The discrete-time moving-target search model adopted in this paper which usually assumes the Markovian property
of the target’s movement, has its origin, to the author’s best knowledge, in the two-cell model by Pollock [10]. For the case
when the search efforts are infinitely divisible, Brown [2] characterizes the condition of an optimal search plan and proposes
an algorithm that pursues the optimal condition. Recently, this work is extended to the model with generalized linear con-
straints by Dambreville and Le Cadre [3].

When the searcher motion is constrained to paths, the problem becomes intractable. Conveniently, the path-constrained
discrete-time Markovian-target search model can be classified according to the search horizon type: finite or infinite. Trummel
and Weisinger [15] prove that even for the stationary target, the problem is intractable for both, finite and infinite horizon
cases.

For the infinite horizon case, Thomas and Eagle [14] propose some optimization criteria and accordingly several heu-
ristic methods. And Singh and Krishnamurthy [12] show that under the ergodic assumption of the target’s transition, the
optimal search policy is also stationary. For the finite-horizon case, Eagle [5] develops an optimal dynamic programming
method. Stewart [13] considers an extension of the Brown’s model [2] so that the search efforts relocation is restricted to
paths. He also suggests a heuristic for the case of indivisible integral search efforts, which is the path-constrained multiple
searcher discrete-time model. This method is tested on one-dimensional search space. Eagle and Yee [6] extend the work of
Stewart’s [13] to an optimal branch-and-bound algorithm tested on two-dimensional 3� 3, 5� 5 and 7� 7 search grids
with square cells. Dell et al. [4] consider the multiple-searcher extension of the model and test an optimal branch-and-
bound algorithm and six heuristics on the same instances as in [6]. Hohzaki and Iida [8] propose a branch-and-bound
method for the problem of finding a path, from a prescribed set of paths, that maximizes the expected reward, namely
the expected value of some revenue function of detection minus the expected search cost.

To obtain the bounds for the branch-and-bound methods, Stewart [13] and Hohzaki and Iida [8] relax the path constraint
of searcher’s movement, while Eagle and Yee [6] use the continuous relaxation of the binary variables representing search
path. In [4], Dell and Eagle also pursue a path with the maximum expected number of detection to calculate a bound.

Our paper also considers the path-constrained discrete-time Markovian-target search model [4–6,13] with a single
searcher. But, we instead propose a heuristic that minimizes the approximate nondetection probability computed from
the conditional probabilities reflecting only the search history over the time windows of a predetermined length. Accord-
ingly, we will evaluate the quality of solution by demonstrating that the nondetection probability of the heuristic solution is
within some approximation factor times the exact minimum.
2. The model

A single target moves among a finite set of cells S ¼ f1; 2; . . . ;Cg over the discrete time periods t ¼ 1; 2; . . . ; T . At the
beginning of each time period, it moves from a cell, say i, to a cell, say j, of its neighbors, NðiÞ, with transition probability
pij. We adopt the hexagon cells as in [8] instead of square cells which appears to enhance the model’s applicability (see
Fig. 1). In this case, given a cell, the neighbors of the cell are defined to be the 6 adjacent cells and the cell itself. Hence
the number of neighbor of a cell m ¼ 7 except the case when the cell is near to the search area boundary. A single searcher
examines one cell during each time period. If the target happens to be in the same cell, say i, the searcher detects it with
probability qi ¼ 1� e�ai for some ai > 0. Our goal is to find a path of the searcher, represented by the cells it visits over the
time periods, i1; i2; . . . ; iT that minimizes the nondectection probability, i.e. the probability that the target survives the
search.



Fig. 1. A search area with 400 hexagon cells.
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3. A pseudo-polynomial heuristic

When a search path is fixed, the target’s nondetection probability can be computed by conditioning on the target’s location
over the search periods. The difficulty of the problem lies in that the number of the possible search paths grows exponentially
as T or C increases, while the enumeration is unavoidable in an exact method due to the intractability of the problem. To cope
with the difficulty, we propose a heuristic minimizing an approximate, instead of exact, nondetection probability of a path in
this section. The following proposition will be useful in the analysis of solution quality of such heuristic.

Proposition 3.1. Suppose that the nondetection probability of a search path can be approximated within a relative error � > 0.

Then, the nondetection probability of the path minimizing the approximate nondetection probability is no greater than 1þ 2�
1��

� �
times the optimal nondetection probability. Moreover, if the approximation is always less than or equal to the exact probability,

then we get the tighter factor 1þ �
1��

� �
ðinsteadof 1þ 2�

1��Þ.

Proof. Denote the exact and approximate nondetection probabilities of a search path P by nðP Þ and n̂ðPÞ, respectively.
Also, Let P � and bP , respectively, be the optimal paths with respect to the exact and approximate nondetection probabilities.
Then, from the hypothesis jnðP Þ � n̂ðP Þj 6 �nðP Þ, we have ð1� �ÞnðbP Þ 6 n̂ðbP Þ and n̂ðP �Þ 6 ð1þ �ÞnðP �Þ. But, since
n̂ðbP Þ 6 n̂ðP �Þ, this implies nðbP Þ 6 1þ�

1��
� �

nðP �Þ ¼ 1þ 2�
1��

� �
nðP �Þ.

If the additional condition holds, we have ð1� �ÞnðbP Þ 6 n̂ðbP Þ 6 n̂ðP �Þ 6 nðP �Þ. Hence we get the tighter bound
nðbP Þ 6 1

1��
� �

nðP �Þ ¼ 1þ �
1��

� �
nðP �Þ. h

Some previous studies consider maximization of the detection probability dðPÞ � 1� nðP Þ instead of minimization of
nðP Þ. To compare the performance of our algorithm to those in such studies, we also need the following proposition.
The proof is very similar with that of Proposition 3.1 and hence omitted.

Proposition 3.2. Suppose that the detection probability dðP Þ of each path P is approximated with a relative error d > 0. Then

the detection probability of the path maximizing the approximate detection probability is at least ð1� 2dÞdðP �Þ.
3.1. Approximate nondetection probability, Appxl

Throughout this section, we fix a search path, P, denoted by the sequence of the cells it visits over the consecutive time
periods t ¼ 1; 2; . . . ; T : P � i1 � i2 � � � � � it � � � � � iT . Also denote by I t the event that the target is not detected from the
cell it along the search path during the time period t and by Ic

t its complementary event. Then, the nondetection probability
of the search path P is
nðPÞ ¼ PrðI1I2I3 � � � I t � � � IT�1IT Þ ¼ PrðI1ÞPrðI2jI1ÞPrðI3jI1I2Þ � � �PrðI tjI1I2 � � � I t�1Þ � � �PrðIT jI1I2 � � � IT�1Þ: ð1Þ

The idea is to consider only the search history of the l� 1 preceding time periods to the current one, t, for some prede-
termined, l, in computing conditional probabilities: for each t > l, we use PrðI t j I t�lþ1I t�lþ2 � � � I t�1Þ instead of
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PrðI t j I1I2 � � � I t�1Þ. We will refer to the resulted nondetection probability of search path P as the depth-l approximation

which will be denoted by AppxlðP Þ:

AppxlðP Þ ¼ PrðI1ÞPrðI2jI1Þ � � �PrðIljI1I2 � � � Il�1ÞPrðI lþ1jI2I3 � � � IlÞ � � �PrðI tjI t�lþ1I t�lþ2 � � � I t�1Þ

� � �PrðIT jIT�lþ1IT�lþ2 � � � IT�1Þ

¼ PrðI1I2 � � � IlÞ
PrðI2I3 � � � Ilþ1Þ
PrðI2I3 � � � IlÞ

� � � PrðI t�lþ1I t�lþ2 � � � I tÞ
PrðI t�lþ1I t�lþ2 � � � I t�1Þ

� � � PrðIT�lþ1IT�lþ2 � � � IT Þ
PrðIT�lþ1IT�lþ2 � � � IT�1Þ

: ð2Þ
Thus, to use Appxl it is crucial to efficiently compute
PrðI t�lþ1I t�lþ2 � � � I tÞ ð3Þ

for each t ¼ l; lþ 1; . . . ; T . There are two ways to do so, referred to as the ‘‘forward’’ and ‘‘backward’’ approaches, based
on the same principle, namely, conditioning on the target’s locations over the l periods, t � lþ 1; . . . ; t.

3.1.1. Forward approach for PrðI t�lþ1I t�lþ2 � � � I tÞ
The forward approach was used in [2] and the branch-and-bound method [6]. It uses the following equation:
PrðI t�lþ1I t�lþ2 � � � I tÞ ¼ p�;t�lþ1Pðit�lþ1ÞPðit�lþ2Þ � � �PðitÞ1; ð4Þ

where p�;s is the row vector whose jth element is the probability, pj;s that the target is in cell j 2 f1; 2; . . . ;Cg over the time
periods s ¼ 1; 2; . . . ; T . pj;s is given by pj;s ¼ p�;1P

s�1, where P is the transition probability matrix. Also, by PðjÞ, we denote
the matrix obtained from P by multiplying its jth column by expð�ajÞ. Finally, 1 stands for a column vector of all ones. It
is not difficult to argue that a dynamic programming method can compute (4) in OðmlCÞ time if p�;t�lþ1 is already given.

3.1.2. Backward approach for PrðI t�lþ1I t�lþ2 � � � I tÞ
Now we discuss how to compute (3) more efficiently than the above forward approach for small l’s. This backward

approach requires an exponential computation, an Oððmþ 1Þl�2Þ time. However, since its running time is independent
of C, which is typically much larger than m, the backward approach is faster than the forward approach for l 6 6 when
C ¼ 100, 400 or 900 and m ¼ 7.

As we have fixed the search path as P � i1 � i2 � � � � � it � � � � � iT , pit ;t depends only on the time period index t. There-
fore, hereafter, for simplicity we will use the notation pit ;t ¼ /t.

The event Ic
t will happen if and only if the target is in the same cell it during the time period t and the detection happens

with ð1� e�ait Þ. Hence, we have
PrðIc
t Þ ¼ /tð1� e�ait Þ: ð5Þ
So, for l ¼ 1, (3) is reduced to PrðI tÞ ¼ 1� /tð1� e�ait Þ. For l P 2, we will rely on the following relation:
PrðI t�lþ1 � � � I t�1I tÞ ¼ PrðI t�lþ2 � � � I t�1I tÞ � PrðIc
t�lþ1I t�lþ2 � � � I t�1I tÞ

¼ PrðI t�lþ2 � � � I t�1I tÞ � PrðIc
t�lþ1ÞPrðI t�lþ2 � � � I t�1I tjIc

t�lþ1Þ: ð6Þ
Here, PrðI t�lþ2 � � � I t�1I tÞ is given recursively from the depth-ðl� 1Þ formula. The remaining term PrðI t�lþ2 � � � I t�1I tjIc
t�lþ1Þ

of (6) will be computed by conditioning on the target’s location mt�lþ2 at the time period t � lþ 2. (Notice that the target is
in the cell it�lþ1 during the time period t � lþ 1 given the event of Ic

t�lþ1.)
For example when l ¼ 2, the detection happens only when the target moves to it with probability pit�1it and get detected

with probability ð1� e�ait Þ. Therefore, we can get the following equation:
PrðI tjIc
t�1Þ ¼ 1� pit�1itð1� e�ait Þ: ð7Þ
Similarly, we compute PrðI t�1I tjIc
t�2Þ by conditioning on the target’s location, mt�1, during the time period t � 1. As illus-

trated in Fig. 2, one of the three events will happen: X: mt�1 ¼ it�1, Y: mt�1 2 Nðit�2Þ \ NðitÞ n fit�1g, and Z:
mt�1 2 Nðit�2Þ n NðitÞ. Then,
PrðI t�1I tjIc
t�2Þ ¼ PrðX jIc

t�2ÞPrðI t�1I tjIc
t�2X Þ þ PrðY jIc

t�2ÞPrðI t�1I tjIc
t�2Y Þ þ PrðZjIc

t�2ÞPrðI t�1I tjIc
t�2ZÞ;
where PrðX jIc
t�2Þ ¼ pit�2it�1

, PrðY jIc
t�2Þ ¼

P
mt�12Nðit�2Þ\NðitÞnfit�1gpit�2mt�1

and PrðZjIc
t�2Þ ¼ 1� PrðX jIc

t�2Þ � PrðY jIc
t�2Þ ¼

1�
P

mt�12Nðit�2Þ\NðitÞpit�2mt�1
. From the Markovian property, for W 2 fX ; Y ; Zg we have the following relation:
PrðI t�1I tjIc
t�2W Þ ¼ PrðI t�1I tjW Þ ¼ PrðI t�1jW ÞPrðI tjI t�1W Þ ¼ PrðI t�1jW ÞPrðI tjIc

mt�1
Þ;
where Ic
mt�1

means the event that a detection occurs in the cell mt�1 during the time period t � 1. The last equality follows
from that the detection probability during time period t is determined by the location of the target during the time period
t � 1. If X happens (i.e. the searcher and the target are in the same cell), a detection will not occur during the time period
t � 1 with probability e�ait�1 : PrðI t�1jX Þ ¼ e�ait�1 . If Y happens (i.e. the searcher and the target are in the different cells), a



Fig. 2. Conditioning on the target’s location during the time period t � 1 when l ¼ 3.
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detection may not occur during t � 1: PrðI t�1jY Þ ¼ 1. Finally, in case Z happens, target can not be in NðitÞ during the time
period t � 1 and then no detection may occur during the time period t � 1 or t: PrðI t�1I tjZÞ ¼ 1. Summarizing, we get the
following formula:
PrðI t�1I tjIc
t�2Þ ¼ pit�2it�1

e�ait�1 PrðI tjIc
t�1Þ þ

X
mt�12Nðit�2Þ\NðitÞnfit�1g

pit�2mt�1
PrðI tjIc

mt�1
Þ þ 1�

X
mt�12Nðit�2Þ\NðitÞ

pit�2mt�1
: ð8Þ
Notice that PrðI tjIc
t�1Þ and PrðI tjIc

mt�1
Þ can be computed by using (7).

The above idea can be extended to general l’s in a straightforward manner. As the case of l ¼ 3, the target’s location,
mt�lþ2, during the time period t � lþ 2 is conditioned for the three cases: X : mt�lþ2 ¼ it�lþ2, Y : mt�lþ2 2 Nðit�lþ1Þ\
Nl�2ðitÞ n fit�lþ2g, and Z : mt�lþ2 2 Nðit�lþ1Þ n Nl�2ðitÞ where NjðiÞ denotes the set of cells reachable from i in j transitions.
Then, if X happens, a detection will not occur during the time period t � lþ 2 with probability e�ait�lþ2 . If Y happens, a
detection may not occur during t � lþ 2. And in case Z happens, since the target is out of N l�2ðitÞ during the time period
t � lþ 2, the searcher and the target cannot be in the same cell during any period from t � lþ 2 to t. Therefore, we get the
following relation:
PrðI t�lþ2I t�lþ3 � � � I tjIc
t�lþ1Þ ¼ pit�lþ1it�lþ2

e�ait�lþ2 PrðI t�lþ3 � � � I tjIc
t�lþ2Þ

þ
X

mt�lþ22Nðit�lþ1Þ\Nl�2ðitÞnfit�lþ2g

pit�lþ1mt�lþ2
PrðI t�lþ3 � � � I tjIc

mt�lþ2
Þ þ 1

�
X

mt�lþ22Nðit�lþ1Þ\Nl�2ðitÞ

pit�lþ1mt�lþ2
: ð9Þ
Again, PrðI t�lþ3 � � � I tjIc
t�lþ2Þ and PrðI t�lþ3 � � � I tjIc

mt�lþ2
Þ is given recursively from the depth-ðl� 1Þ formula.

Proposition 3.3. The probability PrðI t�lþ1I t�lþ2 � � � I tÞ of (3) can be computed in Oððmþ 1Þl�2Þ time for l P 2.

Proof. Consider first the case when l ¼ 3. From (6) the computational efforts for PrðI t�2I t�1I tÞ is the sum of those for
PrðI t�1I tÞ and PrðI t�1I tjIc

t�2Þ. But, from (8), the computation of PrðI t�1I tjIc
t�2Þ is given by the sum of computation time

of PrðI tjIc
mt�1
Þ with mt�1 2 Nðit�2Þ, and therefore is the order of m� the computation time of PrðI tjIc

t�1Þ. The computational
efforts for PrðI tjIc

t�1Þ are bounded by a constant multiple of those for PrðI t�1I tÞ. Thus, the computation time of PrðI t�2I t�1I tÞ
is Oðmþ 1Þ�the computation time of PrðI t�1I tÞ. Since we can compute PrðI t�1I tÞ using (7) within a constant time, the com-
putation time of PrðI t�2I t�1I tÞ is Oðmþ 1Þ.

Similarly, an easy induction on l shows that the computation time of PrðI t�lþ1I t�lþ2 � � � I tÞ 6 ðmþ 1Þ� the computation
time of PrðI t�lþ2I t�lþ3 � � � I tÞ. Combining this with the results for the case l ¼ 3, we conclude that PrðI t�lþ1I t�lþ2 � � � I tÞ can
be computed in Oððmþ 1Þl�2Þ time. h
3.2. Finding a search path minimizing Appxl

We now discuss how to reduce the problem of finding a search path P that minimizes Appxl,
minfAppxlðPÞ :P search pathg, to a shortest path problem. We call the underlying network the depth-l network.

3.2.1. Construction of the depth-l network
First, we discuss the case of l ¼ 2. The underlying network has T layers: L0 � fsg; L1;2; L2;3; . . ., and LT�1;T . For

t ¼ 1; 2; . . . ; T � 1, each node of the layers Lt;tþ1 represents the pair of neighbor cells ðit; itþ1Þ which the searcher may visit



Fig. 3. An instance with C ¼ 9 and T ¼ 5 and the corresponding depth-2 network.
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over the consecutive time periods, t and t þ 1. Hence each layer, except L0, has at most mC nodes. The node s 2 L0 is con-
nected to every node ði1; i2Þ of L1;2 and the arcs are assigned the cost, log PrðI1I2Þ. For t ¼ 1; 2; . . . ; T � 2, the two nodes
ðht; htþ1Þ 2 Lt;tþ1 and ðitþ1; itþ2Þ 2 Ltþ1;tþ2 are connected with an arc if and only if htþ1 ¼ itþ1. And these arcs are all assigned
the cost, log PrðI tþ2jI tþ1Þ. Then, each search path P ¼ i1 � i2 � � � � � iT corresponds to the path, s� ði1; i2Þ�
ði2; i3Þ � � � � � ðiT�1; iT Þ in the layered network, and vice versa. Also, from the construction, the cost of the latter path is
log PrðI1I2Þ þ log PrðI3jI2Þ þ � � � þ log PrðIT jIT�1Þ ¼ log PrðI1I2ÞPrðI3jI2Þ � � �PrðIT jIT�1Þ which is equal to log Appx2ðP Þ.

An instance with C ¼ 9 and T ¼ 5 and its depth-2 network are illustrated in Fig. 3. For instance, the search path
P ¼ 1� 2� 5� 6� 9 corresponds to the path s� ð1; 2Þ � ð2; 5Þ � ð5; 6Þ � ð6; 9Þ in the layered network. Furthermore,
the cost of the corresponding path s� ð1; 2Þ � ð2; 5Þ � ð5; 6Þ � ð6; 9Þ in the layered network is log PrðI1I2Þþ
log PrðI3jI2Þ þ � � � þ log PrðI5jI4Þ which is exactly log Appx2ðP Þ.

The above idea is easily generalized to larger l’s. Construct a network with T � lþ 2 layers: L0 � fsg, L1;2;...;l,
L2;3;...;lþ1; . . . ; LT�lþ1;T�lþ2;...;T . For t ¼ 1; 2; . . . ; T � lþ 1, each node of the layers Lt;tþ1;...;tþl�1 represents the cells
ðit; itþ1; . . . ; itþl�1Þ which the searcher may visit over the l consecutive time periods, t; t þ 1; . . . ; t þ l� 1. Hence, each layer
has at most ml�1C nodes. The node s is connected to every node ði1; i2; . . . ; ilÞ 2 L1;2;...;l with the cost log PrðI1I2 � � � IlÞ. For
t ¼ 1; 2; 3; . . . ; T � l, two nodes ðht; htþ1; . . . ; htþl�1Þ 2 Lt;tþ1;...;tþl�1 and ðitþ1; itþ2; . . . ; itþlÞ 2 Ltþ1;tþ2;...;tþl are connected if and
only if ðhtþ1; . . . ; htþl�1Þ ¼ ðitþ1; . . . ; itþl�1Þ. And all such arcs are assigned cost log PrðI tþljI tþ1 � � � I tþl�1Þ. Then, each search
path P ¼ i1 � i2 � � � � � iT corresponds to the path, s� ði1; i2; . . . ; ilÞ � ði2; i3; . . . ; ilþ1Þ � � � � � ðiT�lþ1; iT�lþ2; . . . ; iT Þ in the
layered network, and vice versa. Finally, the log cost of P is equal to the cost of the corresponding path in the layered
network. Thus, we can solve minfAppxlðP Þ :P search pathg by computing the shortest paths from s to a node in the last
layer in the network. Based on this depth-l network construction, our main algorithm, using l as a control parameter,
can be summarized as follows:

Algorithm 3.4. The main algorithm – Depth-l heuristic

Step 1: Construct the depth-l network as described above.
Step 2: Find a path bP that minimizes Appxl by solving the shortest path problem on the depth-l network and return bP as

the search path.

As discussed above, the depth-l has OðmlCT Þ arcs. Each arc cost can be computed in Oððmþ 1Þl�2Þ time (Proposition 3.3).
Thus, Step 1 takes Oððmþ 1Þ2l�2CT Þ time. As the shortest path problem on an acyclic network is solvable in linear time of
the number of arcs, the time for Step 2 is dominated by one for Step 1.

Proposition 3.5. The complexity of the depth-l heuristic is Oððmþ 1Þ2l�2CT Þ.
4. Asymptotic analysis of approximation error

Proposition 3.1 tells us that the solution quality of the depth-l heuristic depends on the relative error �l of the approx-
imation Appxl to the exact nondetection probability. In this section, we will explore the asymptotic behavior of the relative
error in terms of l. In particular, we will show that �l decreases very rapidly, namely exponentially as we increase l, which
may be regarded as a rationale of our depth-l heuristic.
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Again, for analysis we fix a search path, P � i1 � i2 � � � � � iT . From (1) and (2), the relative error �l of AppxlðPÞ to the
exact nondetection probability, say nðP Þ, is given as follows:
�l �
AppxlðP Þ � nðP Þ

nðP Þ

���� ����
¼ PrðI lþ1jI2I3 � � � IlÞ

PrðI lþ1jI1I2 � � � IlÞ
PrðI lþ2jI3I4 � � � Ilþ1Þ
PrðI lþ2jI1I2 � � � Ilþ1Þ

� � �PrðI tjI t�lþ1 � � � I t�1Þ
PrðI tjI1I2 � � � I t�1Þ

� � �PrðIT jIT�lþ1 � � � IT�1Þ
PrðIT jI1I2 � � � IT�1Þ

� 1

���� ����: ð10Þ
For simplicity, let us denote ql
t �

PrðIt jIt�lþ1���I t�1Þ
PrðI t jI1I2���I t�1Þ . Then,
�l ¼
YT

t¼lþ1

ql
t � 1

�����
�����: ð11Þ
The relative error �l will get closer to 0, since AppxlðP Þ becomes closer to AppxT ðPÞ ¼ nðP Þ as l! T . However, a closed-
form formula of �l for a general search path appears very difficult as a consideration of an exponentially many cases is
inevitable. To facilitate the analysis, we consider a set of simplifying assumptions.

Assumption 4.1. The search path is a straight-line whose cells are distinct for all periods.

Assumption 4.2. If the target is in the same cell, the searcher detects it with probability 1, namely ai ¼ 1 for every cell i.

As we have seen in Section 3.1, to compute Appxl, we should compute (3) first.

Proposition 4.3. If Assumptions 4.1 and 4.2 are satisfied, then for t P l, we have
PrðI t�lþ1I t�lþ2 � � � I tÞ ¼ 1� /t � /t�1ð1� pit�1itÞ � � � � � /t�lþ1ð1� pit�lþ1it�lþ2
Þ: ð12Þ
Proof. By induction on l. From Assumption 4.2, a detection happens if and only if the searcher and the target occupy the
same cell. Therefore,
PrðI tÞ ¼ 1� /t ð13Þ

and hence the lemma is true for l ¼ 1. From (6), to compute PrðI t�lþ1I t�lþ2 � � � I tÞ, it suffices to determine PrðIc

t�lþ1Þ and
PrðI t�lþ2 � � � I tjIc

t�lþ1Þ. But, from (13), we have PrðIc
t�lþ1Þ ¼ /t�lþ1. Consider the period t � lþ 1 when the searcher and

the target are in the same cell it�lþ1. Since the searcher moves along a straight path visiting a new cell at each period,
the only case they ever meet again is when the target moves to cell it�lþ2 with the searcher. Hence,
PrðI t�lþ2 � � � I tjIc

t�lþ1Þ ¼ 1� pit�lþ1it�lþ2
. Combining this with the induction hypothesis, we get
PrðI t�lþ1I t�lþ2 � � � I tÞ ¼ 1� /t � /t�1ð1� pit�1itÞ � � � � � /t�lþ1ð1� pit�lþ1it�lþ2
Þ: �
Using (12), it is tedious but straightforward to derive the following expression of ql
t for lþ 1 6 t 6 T :
ql
t ¼

PrðI tjI t�lþ1 � � � I t�1Þ
PrðI tjI1I2 � � � I t�1Þ

¼ PrðI t�lþ1 � � � I tÞPrðI1I2 � � � I t�1Þ
PrðI t�lþ1 � � � I t�1ÞPrðI1I2 � � � I tÞ

¼ 1þ
½/t�lð1� pit�lit�lþ1

Þ
þ /t�l�1ð1� pit�l�1it�l

Þ � � � þ /1ð1� pi1i2Þ�½/t � /t�1pit�1it �½1� /t�1 � /t�2ð1� pit�2it�1
Þ � � �

� /t�lþ1ð1� pit�lþ1it�lþ2
Þ�½1� /t � /t�1ð1� pit�1itÞ � � � � /1ð1� pi1i2Þ�: ð14Þ
If we set pis ;isþ1
¼ 0 for all s ¼ 1; 2; . . . ; t � 1 in (14), we get the following upper bound on ql

t :
ql
t 6 1þ ð/t�l þ /t�l�1 þ � � � þ /1Þ/t

ð1� /t�1 � � � � � /t�lþ1Þð1� /t � � � � � /1Þ
: ð15Þ
Assumption 4.4. There is an constant 0 <S < 1 such that /1 þ � � � þ /T 6 S.

We note that from all the instances used in the experiment, it is observed that S < 0:3.

Remark 4.5. Instead of Assumption 4.4, we could use a fast-mixing Markov-chain results (similar with those used for /lþk
below), which state that the sums converge to constants in exponential manner [11] and this is supported by the subsequent
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experiment. But, there are typically large gap between the theoretical bounds and the actual values observed from the
experiment: the theoretical bound are far greater than 1 and hence too loose to be used in this particular case.

Under Assumption 4.4 and from (15), we get the following relation:
ql
t 6 1þ S/t

ð1�SÞ2
ð16Þ
Then from (11) and (16), we can get the following bound on �l:
wl :¼
YT�l

k¼1

1þ S/lþk

ð1�SÞ2

" #
� 1: ð17Þ
Assumption 4.6. The Markov chain defined by the target’s movement is reversible.

This is true if, for instance, the target moves equally-likely to one of its adjacent cells, since then the Kolmogorov cri-
terion is easily satisfied: every loop of the graph underlying a Markov chain has the same traversing probability in both
direction. In the subsequent experiment, the instances adopted from the previous studies have this property. We also
include the instances that do not satisfy the assumption.

Let fX tg be the Markov chain defined by the target’s location over the time periods t ¼ 1; 2; . . . If fX tg is ergodic, as is in
most cases, then there is p ¼ ðpj : j 2 SÞ such that pj;t converges to pj as t!1. Sinclair [11] developed a simple charac-
terization of rapid mixing of fX tg towards the equilibrium p in terms of structural properties of the underlying graph. To
do so, he first defined the conductance of Markov chain
U ¼ min
A � S

pðAÞ 6 1=2

F A

pðAÞ ; ð18Þ
where pðAÞ ¼
P

i2Api, and F A denotes the sum of pijpi over edges fi; jg 2 E with i 2 A and j 2 S n A. Using the conductance
U, he derived an upper bound on the deviation of pj;t from the stationary probability pj.

Theorem 4.7 (Theorem 2.5 of [11]). Suppose that all eigenvalues of the transition probability matrix P is nonnegative. Then
for any nonempty set U � S,
max
j2S

jpj;t � pjj
pj

6
ð1� U2=2Þt

min
i2U

pi
: ð19Þ
Theorem 4.7 implies that the deviation of pj;t from the stationary probability pj decreases exponentially as t increases.
From (19) we have
pj;t 6 pj þ max
k2S

jpk;t � pkj
pk

� �
pj 6 pj þ

ð1� U2=2Þt

min
i2U

pi
pj 6 pmax þ hð1� U2=2Þt; ð20Þ
where pmax ¼ maxj2Spj and h ¼ maxi;j2Spj=pi. Denote pmaxðtÞ ¼ pmax þ hð1� U2=2Þt.
Recall that in our Markov chain defined by the target’s transition we denoted /t ¼ pit ;t and hence from (20) we have

pit ;t 6 pmaxðtÞ. Therefore, substituting /t in (17) with pmaxðtÞ, we get the following bound on �l:
Fig. 4. Asymptotic behavior of the approximation error ðU ¼ 1
100

and h ¼ 1Þ.
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wl 6 ŵl :¼
YT�l

k¼1

1þSpmaxðlþ kÞ
ð1�SÞ2

" #
� 1: ð21Þ
Each pmaxðtÞ is exponentially decreasing function of t. Also, the number of factors 1þ SpmaxðlþkÞ
ð1�SÞ2

h i
in ŵl decreases with l. Thus

the ŵl decreases asymptotically faster than an exponential function of the form bc�l with some constant b and c. In Fig. 4, ŵl

is plotted for a typical instance used in moving-target search studies. Here, C ¼ 400 and T ¼ 40. The target stays in the same
cell with probability of 0:4 or moves equally-likely (0:1) to one of its adjacent cells. With this setting, P has all eigenvalues
nonnegative. Then, the chain has uniform limiting distribution and hence h ¼ 1. The minimum of (18) is attained when
A ¼ f1; 2; . . . ; 200g and its value is U ¼ 1

100
. As indicated in the graph from Fig. 4, the upperbound of relative error dimin-

ishes very fast over the early values of l. In light of Proposition 3.1, this asymptotic behavior justifies the depth-l heuristic.

5. Experimental results

5.1. Comparison to optimal solutions

Our heuristic is first tested to the instances from the previous studies [4,6]. These instances include the largest ones for
which the optimal search paths are currently known. They use the search grids consisting of square cells. For each cell, the
target stays in the same cell with probability 0.4 or transits to one of the four adjacent cells equally likely (with probability
0.15). The target’s initial location is chosen to be the south–east corner cell while the searcher starts at the north–west cor-
ner cell. Table 1 summarizes the parameters of the nine instances. Table 2 compares the relative errors obtained by 11
methods. The errors of the first six columns, quoted from [4], are from the six algorithms, H1, H2, MH, GA, HGA,
LS of Dell et al.’s. The latter five columns summarize the relative errors of the optimal solutions of the depth-l heuristic
for l = 1, 2, 3, 4 and 5 to the exact optimal solutions. When l P 3, the depth-l heuristic provides solution whose detection
probability is within 1% of the exact optimum with an exception of a single instance. Also each error is compared to 2d
inside the parenthesis from Proposition 3.2, where d is set to the average of the relative errors of Appxl for 500 randomly
generated search paths for each instance. The large gaps between two values suggest that there is a strong correlation
between the approximate and exact probabilities of a search path. For any instance, the heuristic terminates in less than
2 seconds.

Remark 5.1. From their experiments in [4], Dell et al. reported the CPU time of less than 25 minutes for optimal methods,
BB, and less than 3 minutes for other heuristic. However, this is not a meaningful comparison, their machine, IBM-
compatible 486/33, is far slower than our machine using AMD Sempron Processor 3200+ 984 MHz.
2
e errors (in %) of 11 methods

H1 H2 MH GA HGA LS Depth-1 2 3 4 5

a

a1 1 0 0 0 0 2 1.9 (11.3) 1.9 (4.5) 0.4 (2.5) 0.1 (1.6) 0 (1.0)
a2 1 1 0 1 0 2 4.7 (18.3) 4.7 (6.9) 0.1 (3.9) 0.1 (2.4) 0.1 (1.5)
a3 0 2 0 1 0 2 6.6 (22.6) 5.8 (8.2) 0.6 (4.6) 0.6 (2.9) 0.2 (1.8)

a1 0 1 0 1 0 9 4.6 (16.9) 1.8 (7.2) 0 (3.9) 0 (2.2) 0 (1.3)
a2 0 3 0 0 0 9 9.2 (31.2) 3.1 (12.0) 0 (6.3) 0 (3.5) 0.2 (2.0)
a3 1 4 0 0 1 8 12.2 (44.3) 4.2 (15.3) 1.1 (7.8) 0.1 (4.3) 0 (1.4)

a1 0 0 0 1 0 55 1.3 (14.7) 0.2 (5.5) 0 (2.6) 0 (1.4) 0 (0.7)
a2 0 2 0 2 0 53 4.7 (27.7) 0.3 (9.2) 0 (4.3) 0 (2.2) 0 (1.2)
a3 0 7 0 2 0 51 7.6 (40.4) 0.5(11.8) 0 (5.3) 0 (2.7) 0 (1.4)

e CPU time for 49-cell instance: 0.03 seconds (depth-1), 0.05 seconds (2), 0.08 seconds (3), 0.4 seconds (4), and 1.1 seconds (5).

1
ce parameters

duration (T) No. of cells (C) qðaÞ
9 0.33212 ða1 ¼ 0:40365Þ

25 0.63212 ða2 ¼ 0:99998Þ
49 0.93212 ða3 ¼ 2:69001Þ
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5.2. Large instances

5.2.1. Instance design

We consider two groups of instances: at each transition the target stays in the same cell with probability, 1/2, in the first
group, and 1/7, in the second group. We call the former group ‘‘drift’’, and the latter ‘‘escape’’. Also, as discussed in Section
4, the heuristic is tested on the irreversible cases, as well as reversible cases, which therefore do not satisfy Assumption 4.6.
In the reversible instances adopted from the previous studies [4,6], the target’s transition probability from each cell to the
adjacent cells is set equally likely. In the irreversible instances, on the other hand, we first designate a destination cell of the
target. From each cell, the transition probability is set larger to the adjacent cell closer to the destination. We use square
search area tiled with C ¼ 100, 400 and 900 hexagon cells. The search duration T is set to be 10, 20, 30, 40 and 50. Three
different values of q are tested. Table 3 summarizes the resulted 180 combinations of these parameters. For convenience,
each combination is denoted by a quintuple: i ¼ ðs; r;C; T ; qÞ. The initial location of the target is fixed to the same cell for
all i with the same C. (See Fig. 11 for a 400-cell instance.) But, the initial location of searcher is randomly generated to test
the heuristic over the various initial relative locations between the target and searcher.

We apply the depth-l heuristic for l ¼ 1; 2; . . . ; 5 to the 50 random initial locations of searcher for each i ¼ ðs; r;C; T ; qÞ.
Also for each i, we generate 500 random search paths P with duration T for each of which we compute AppxlðP Þ for
l ¼ 1; 2; . . . ; T as well as the exact nondetection probability nðP Þ. (In computing AppxlðP Þ for l P 7 we use (4).)
5.2.2. Upperbound on relative error of heuristic solutions

3r-upperbound. Proposition 3.1 suggests a natural estimation of the relative error of the depth-l heuristic. Given the
mean, l, and standard deviation, r, of approximation errors of Appxl over the 500 random search paths from each i
of 180 combinations, we use � ¼ lþ 3r as the estimation of the approximation error of a search path. Then, from
Proposition 3.1, the corresponding upperbound on the relative error of a heuristic solution is 2�

1��. Fig. 5 shows this 3r-
upperbound plotted versus the depth l ¼ 1; 2; . . . ; 50 for i ¼ ðdrift; rev;C; 50; 0:7Þ and i ¼ ðescape; irrev;C; 50; 0:7Þ. Notice
the similarity of the curve with the one in Fig. 4.

Worst-case upperbound. We present an alternative upperbound on the relative error of heuristic solutions which is even
more conservative than the 3r-upperbound. It is based on the simple observation that significant paths in the optimization
are the ones with Appxl-values close to the heuristic optimal. To estimate the approximation errors of such search paths,
Table 3
Large instance parameters

s r C T qðaÞ
Drift Reversible 10

100 20 0.3 ða1 ¼ 0:35667Þ
400 30 0.5 ða2 ¼ 0:69315Þ

Escape Irreversible 900 40 0.7 ða3 ¼ 1:20397Þ
50

Fig. 5. 3r-upperbound of relative error versus depth-l for i ¼ ðs; r;C; 50; 0:7Þ.
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we use as � the mean of the relative errors of AppxlðbP Þ to the nðbP Þ for the 50 heuristic optimal search paths bP of each i.
Notice that the relative error of approximation Appxl tends to get larger as the exact nondetection probability gets smaller.
Hence, this offers a most conservative estimation of the relative error.

We also have observed that for every heuristic optimal path bP , the approximation AppxlðbP Þ is always less than the exact
probability nðbP Þ. Hence, due to Proposition 3.1, this allows us to use the tighter bound �

1�� of the relative error of the heu-
ristic optimal solutions.

Fig. 6 compares these worst-case bounds with the 3r-bounds. Except the 100-cell instances, we see that the worst-case
bounds are greater than the 3r-bounds for i ¼ ðdrift; rev;C; 50; 0:7Þ. Note that for i ¼ ðescape; irrev;C; 50; 0:7Þ, relative
error bound for C ¼ 100 is significantly larger than in other cases.

Correlation between nðPÞ and n̂ðPÞ. Notice that the upperbound 2�
1�� or �

1�� in Proposition 3.1 is attained when n̂ðPÞ and
nðP Þ are inversely related within the error. However, as we already observed from Table 2, n̂ðP Þ ¼ AppxlðPÞ and nðP Þ are
strongly correlated. If the correlation coefficient is ideally equal to 1, then an optimal solution of heuristic will be an exact
optimal solution. Indeed when i ¼ ðdrift; rev;900; 50; 0:7Þ, for instance, the correlation coefficient between Appx5ðP Þ and
nðP Þ over the 500 random paths is 0.999283. This is more-or-less the same over the 50 heuristic optimal paths: for the same
i the correlation coefficient is 0.99882. Fig. 7a shows the effects of C and l on the correlation coefficients. Except for the 9-
cell instances, every case shows the correlation coefficient greater than 0:97. Fig. 7b shows the correlation coefficients for
the ‘‘escape-irreversible’’ case. Except the case of C ¼ 100, the correlation coefficients are greater than 0.996. Fig. 7c also
illustrates the plotting of n̂ðP Þ ¼ Appx5ðP Þ and nðPÞ values of the 500 random paths for i ¼ ðdrift; rev;900; 50; 0:7Þ. Notice
Fig. 6. Comparison of 3r and worst-case bounds for i ¼ ðs; r;C; 50; 0:7Þ.

Fig. 7. Correlation between nðP Þ and n̂ðPÞ. (a) i ¼ ðdrift; rev;C; 50; 0:7Þ for C P 100 and i ¼ ðdrift; rev;C; 12; 0:93Þ for C 6 100, (b)
i ¼ ðescape; irrev;C; 50; 0:7Þ, and (c) i ¼ ðdrift; rev;900; 50; 0:7Þ.
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that they are almost perfectly fitted on a straight-line. This implies that the depth-l heuristics for l P 5 provide us near-
optimal search paths.
5.2.3. Depth, cell-number, and search-duration effects

In Fig. 8, we plot the average nondetection probability of the 50 heuristic optimal search paths and their average worst-
case upperbound of the relative errors versus the (C; T )-combinations for each depth l = 1, 2, 3, 4 and 5. The depth effects
are largest when the search duration T ¼ 50. By increasing l from 1 to 5, the nondetection probability can be decreased as
much as 10% and the upperbound of relative error as much as 20%. The cell-number and search duration effects are com-
Fig. 8. Effects of depth-l, C and T on nondetection probability and worst-case error bound for i ¼ ðdrift; rev;C; T ; 0:7Þ.

Fig. 9. Effects of target behavior on nondetection probability and worst-case upperbound for i ¼ ðs; r;C; T ; 0:7Þ and l ¼ 5.
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patible to our intuition: a larger number of cells give rise to a larger nondetection probability but a smaller relative error.
When we increase the search duration from T = 10–50 in the depth-5 heuristic, nondetection probability is decreased by as
much as 20–30% at the expense of the relative error.

5.2.4. Target-behavior effects

How does the target behavior affect the nondetection probability? According to the experiments summarized in Fig. 9,
escaping target is harder to detect than drifting target by around 10% of chances. But, interestingly, the worst-case error is
estimated higher for a drifting target. The reversibility does not significantly affect the nondetection probability.

Remark 5.2. Of the four combinations of target behaviors, only (drift, rev)-instances satisfy the nonnegative eigenvalue
assumption of Theorem 4.7. However, in our experiment, this does not seem to have a critical impact on the nondetection
probability or relative error bounds.
5.2.5. CPU Time of heuristic

The CPU time in Fig. 10 confirms the complexity of heuristic, Oððmþ 1Þ2l�2CT Þ from Proposition 3.5 and subsequent
discussion. The first graph shows the exponential behavior of CPU time with respect to l. And the other two show the lin-
earity of CPU time in C and T.
Fig. 10. CPU time versus l, C and T for i ¼ ðescape; irrev;C; T ; 0:7Þ.

Fig. 11. Examples of heuristic optimal path using depth-5 method.
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5.2.6. Illustration of heuristic solutions

Finally, in Fig. 11 we illustrate two heuristic optimal paths obtained from the depth-5 heuristic applied to the cases
i ¼ ðdrift; rev;400; 50; 0:7Þ and i ¼ ðescape; irrev;400; 50; 0:7Þ. Although, in the irreversible case, the searcher eventually
follows the target to her destination, we can see that, in both cases, the search tends to be concentrated on relatively small
area. This is reminiscent of the stationary optimal search policy for stationary target [12]. Although our model assumes a
moving target, the target distribution rapidly mixes to a stationary distribution as observed by [11].

6. Future research

6.1. Initial configuration and relocation

More often than not, the search resources are not on proper location to initiate the mission. Then we first need to deploy
fleets to optimal locations as well as configure the search paths minimizing nondetection probability. Also even when a
search is in progress it may be required to relocate the searcher to enhance the chances. The depth-l network in Section
3.2 can be modified to incorporate the fast movement of searcher for relocation. But it will increase the complexity of
the model.

6.2. Multiple searchers

In principle, the proposed model is extendible to model the multiple-searcher case by considering the combination of
movement of two or more searchers in the depth-l network. However, then the network size will grow exponentially in
the number of searchers.

Thus, in both cases, it is crucial to develop an efficient but probably suboptimal heuristic that can handle at least an
order of magnitude reduced computation time.

6.3. Error analysis

It is also interesting question if we can relax some of the simplifying assumptions of the asymptotic analysis in Section 4.
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